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LOGARITHMIC MODULI SPACES FOR SURFACES OF
CLASS VII
KARL OELJEKLAUS AND MATEI TOMA
Abstract. In this paper we describe logarithmic moduli spaces of pairs
(S,D) consisting of a minimal surface S of class V II with second Betti
number b2 > 0 together with a reduced maximal divisor D of b2 rational
curves. The special case of Enoki surfaces has already been considered
by Dloussky and Kohler. We use normal forms for the action of the fun-
damental group of S \D and for the associated holomorphic contraction
(C, 0)→ (C, 0).
1. Introduction
Compact complex surfaces with first Betti number b1 = 1 form the class VII
in Kodaira’s classification, see [11]. Minimal such surfaces are said to belong
to class VII0. When their second Betti number vanishes these surfaces have
been completely classified, see [9], [1], [12] and [15]. Among them one finds
the Hopf surfaces for which moduli spaces have been constructed in [2].
In this paper we shall restrict our attention to minimal compact complex
surfaces with b1 = 1 and b2 > 0. All known surfaces in this subclass contain
global spherical shells and can be obtained by a construction due to Ma.
Kato, see [10]. A finer subdivision of these surfaces may be done by looking
at the dual graph of the maximal reduced divisor D of rational curves. One
gets:
(1) Enoki surfaces, i.e. the graph of D is a cycle and D is homologically
trivial,
(2) Inoue-Hirzebruch surfaces, i.e. the graph of D consists of one or two
cycles and D is not homologically trivial, (in fact D is an exceptional
divisor),
(3) intermediate surfaces, i.e. the graph consists of a cycle with at least
one non-empty tree appended, (in this case too, D is exceptional).
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Our point of interest is to study logarithmic moduli spaces, i.e. such that
the maximal reduced divisor D is preserved. Logarithmic moduli spaces of
Enoki surfaces were described in [4], whereas Inoue-Hirzebruch surfaces are
logarithmically rigid.
In this paper we introduce logarithmic moduli spaces for intermediate sur-
faces. This will be done by examining normal forms of germs of analytic
mappings which can be associated to these surfaces and of the fundamental
group of the complement of the maximal reduced divisor, respectively.
The article is organized as follows. General facts on surfaces with global
spherical shells are recalled in Section 2. Then we give a description of the
fundamental group of the complement of the rational curves of an interme-
diate surface. This description will allow us a better understanding of the
isomorphisms between the different parameter spaces we will get for loga-
rithmic deformations. In Section 4 we introduce the main ingredients of our
proof: the normal form of a contracting germ associated to an intermediate
surface and its type. The next two sections are devoted to the decompo-
sition of such normal forms and to the associated blowing up sequences
which are needed in order to recover the surface from its contracting germ
in a canonical way. Using these techniques we come in Section 7 to the
description of logarithmically versal families and moduli spaces of interme-
diate surfaces, see Theorems 7.13 and 7.14. In the Appendix we show how
the universal covers of Section 3 are organized into families. Theorem 8.16
stresses again the importance of the logarithmic type.
2. Preliminary facts on surfaces with global spherical shells
In this section we recall some facts on surfaces with global spherical shells.
We refer to [10] and [3] for more details.
By a surface we always mean a compact connected complex manifold of
dimension 2. A global spherical shell (GSS) in a surface S is the image
Σ of S3 through a holomorphic imbedding of an open neighbourhood of
S3 ⊂ C2 \ {0} such that S \ Σ is connected.
A minimal surface S with b2 := b2(S) > 0 admits a GSS if it can be ob-
tained by the following method: Blow up the origin of the unit ball B in
C2 and choose a point p1 on the exceptional curve C1. Continue by blowing
up this point and by choosing a further point p2 on the new exceptional
(−1)-curve C2. Repeat this process b2 times, i.e. until you reach the curve
Cb2 and choose a point pb2 on this curve. Call Bˆ the manifold thus obtained
and π : Bˆ → B the blowing down map. Choose now a biholomorphic map
σ : B¯ → σ(B¯) onto a compact neighbourhood of pb2 . Use finally σ ◦ π to
glue together the two components of the boundary of Bˆ \ σ(B). It is not
difficult to see that in this way one gets a minimal surface S with π1(S) ≃ Z
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and b2(S) = b2. There are exactly b2 rational curves on S which form a di-
visor the dual graph of which has one of the three types described in the
introduction. Besides these rational curves at most one further curve might
appear on some Enoki surfaces and this curve will be elliptic. One can see a
GSS as the image of σ(S3) in S via the above identification. The universal
covering S˜ of S is obtained by glueing an infinite number, indexed by Z, of
copies of Bˆ \ σ(B) through maps analogous to σ ◦ π.
Conversely, let S be a minimal surface with a fixed GSS Σ. One can fill the
pseudoconcave end of S \ Σ holomorphically by B¯ and one obtains a holo-
morphically convex complex manifold M . The maximal compact complex
analytic set in this manifold is exceptional and the blow-down of M is iso-
morphic to B. One shows that this is the inverse of the above construction.
In [3], Dloussky remarked an important object associated to this construc-
tion, which is the germ ϕ of the holomorphic mapping π◦σ : B → B around
the origin of B. It is a germ of a contracting mapping and it is shown to
completely determine the surface S up to isomorphism. Conjugating ϕ by
an automorphisms of (B, 0) does not change the isomorphy class of S, but
to the same surface S several conjugacy classes of germs may correspond. In
fact the conjugacy class of the contracting germ depends on the homotopy
class of the GSS Σ ⊂ S.
In [7], Favre gave polynomial normal forms for the contracting germs and
classified them up to biholomorphic conjugacy. In order to obtain logarith-
mic moduli spaces, we shall choose one of these normal forms and describe
it more closely as well as its relation to the maximal reduced divisor D of
rational curves on the surface. A choice of a normal form will be suggested
by an examination of the fundamental group of S \ D. (Since D is con-
tractible and does not contain (−1)-curves, S is completely determined by
S \D.)
3. The fundamental group of S \D
For a surface S admitting a GSS, one finds using the exponential sequences
Pic0(S) ≃ H1(S,C∗) ≃ C∗ ≃ Hom(π1(S),C∗).
Therefore for each λ ∈ C∗ there is a unique associated flat line bundle which
we denote by Lλ. Note that the above isomorphisms depend on the choice
of a positive generator of π1(S) ≃ Z. We recall also that for the interme-
diate surface S there exists a positive integer m, a flat line bundle L and
an effective divisor Dm such that (KS ⊗L)
⊗m = OS(−Dm), cf. [6], Lemma
1.1. The smallest possible m in the above formula is called the index of
the surface S and is denoted by m(S). By Proposition 1.3 of [6], for each
intermediate surface S of index m there is a unique intermediate surface S ′
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together with a proper map S ′ → S which is generically finite of degree m
such that S ′ is of index 1. Moreover, on the complements of the maximal
reduced divisors D′ and D the induced mapping S ′ \D′ → S \D is a cyclic
unramified covering of degree m.
3.1. Surfaces of index 1. In this subsection we assume that S is an in-
termediate surface of index 1. Later on we will show how to recover normal
forms of contracting maps for surfaces of higher index. In [5] and [6] normal
forms for the generators of the fundamental group of S \D were given. We
will now recall and further develop these computations.
It is shown loc. cit. that the universal cover S˜ \D of S \D is isomorphic
to C × Hl, where Hl := {w ∈ C | ℜe(w) < 0} is the left half plane. We
take (z, w) to be a system of holomorphic coordinates on C × Hl. The
fundamental group of S \ D is isomorphic to Z ⋉ Z[1/k] and is generated
by the following two automorphisms of C×Hl:
(FG1)
{
gγ(z, w) = (z, w + 2πi)
g(z, w) = (λz + a0 +H(e
−w), kw),
where λ ∈ C∗, H = H(ζ) =
∑s
m=1 amζ
m is a complex polynomial of pos-
itive degree and k := 1 +
√
| detM(S)| ∈ Z, k ≥ 2. Here M(S) denotes
the intersection matrix of the b2(S) rational curves of S. Moreover the
complex parameters λ, ai are further subject to the following conditions:
(λ − 1)a0 = 0 and am = 0 for all m > 0 with k|m, see Theorem 3.1 in [5]
and Theorems 4.1 and 4.2 in [6]. The case λ = 1 occurs precisely when S
admits a nontrivial holomorphic vector field. Note also that the generator
gγ corresponds to some loop γ around D, whereas g induces a generator of
π1(S). It is claimed in [5] and [6] that this normal form is unique if one
preserves the generator gγ . We shall see later that this claim is valid only
up to the action of some finite group on the space of parameters given by
the coefficients of H .
We first show how the normal form changes if one allows a different choice
of the loop γ.
We start by replacing the normal form (FG1) as in [5], p. 659 and [6], p.
307, in order to obtain a new normal form which will lead to the contracting
germ:
(FG2)
{
gγ(z, w) = (z, w + 2πi)
g(z, w) = (λz + a0 +Q(e
−w), kw),
where Q = Q(ζ) :=
∑σ
m=l bmζ
m is a new polynomial such that bσ = 1, k ∤ σ,
l := [σ/k] + 1 and gcd{k,m | bm 6= 0} = 1. As before (λ − 1)a0 = 0. The
normalisation bσ = 1 is obtained by a conjugation (z, w) 7→ (αz, w) with a
suitable α.
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We introduce now a numerical invariant of (FG2) which will be shown to
be equivalent to the dual graph of D, see Section 6.
Definition 3. 1. Let k be fixed and let Q be a polynomial as in (FG2).
Define inductively the following finite sequences of integers σ =: n1 > .... >
nt ≥ l and k > j1 > j2... > jt = 1 by:
i) n1 := σ, j1 := gcd(k, n1);
ii) nα := max{i < nα−1 | bi 6= 0, gcd(jα−1, i) < jα−1},
jα := gcd(k, n1, ..., nα) = gcd(jα−1, nα);
iii) 1 = jt := gcd(k, n1, ..., nt−1, nt) < gcd(k, n1, ..., nt−1).
We call (n1, ..., nt) the type of (FG2) and t the length of the type. If t = 1
we say that (FG2) is of simple type.
We remark now that for any divisor d > 1 of k the following are also
generators of π1(S \D) ⊂ AutO(C×Hl):
(FG3)
{
gdγ(z, w) = (z, w + 2πid)
g(z, w) = (λz + a0 +Q(e
−w), kw),
since (g−1 ◦ gdγ ◦ g)
k
d = gγ.
In order to reestablish (FG2) we perform the following conjugations on
(FG3). First conjugate with (z, w) 7→ (z, dw). The generators become
(1)
{
(z, w) 7→ (z, w + 2πi)
(z, w) 7→ (λz + a0 +Q(e
−dw), kw),
This is not in normal form (FG2); in fact there are two cases. If k ∤ dσ one
has to go back by the inverse conjugation procedure to the initial (FG2).
At the end of this process the loop γ remains unchanged.
If k | dσ take p := max{i ∈ N | i > 1, k |ji−1d}. Now let
Φ1(z, w) = (z +
σ∑
m=np+1
bme
−mdw
k , w)
and apply the conjugation Φ1 ◦ (1) ◦ Φ
−1
1 . We obtain the new generators
(2)
{
(z, w) 7→ (z, w + 2πi)
(z, w) 7→ (λz + a0 + bnpQ˜d(e
−w), kw)
where
Q˜d(ζ) := b
−1
np
(
Q(ζd) + λ
σ∑
m=np+1
bmζ
md
k −
σ∑
m=np+1
bmζ
md
)
.
The conjugation Φ2 ◦ (2) ◦ Φ
−1
2 by Φ2(z, w) = (bnpz, w) leads us to
(3)
{
(z, w) 7→ (z, w + 2πi)
(z, w) 7→ (λz + b−1np a0 + Q˜d(e
−w), kw).
The idea is to bring (3) in normal form (FG2) presumably with the new
type (n˜1, ..., n˜t) = (dnp, ..., dnt,
dn1
k
, ...,
dnp−1
k
). We have gcd(dnp, k) =
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gcd(dnp, djp−1, k) because gcd(djp−1, k) = k and further j˜1 = gcd(dnp, k) =
gcd(dnp, djp−1, k) = gcd(djp, k) < k. In the same way one obtains gcd(dm, k)
= gcd(djp, k) = j˜1 for np+1 < m < np, j˜2 = gcd(dnp+1, dnp, k) =
gcd(dnp+1, djp, k) = gcd(djp+1, k) and so on. The last in this series is
gcd(dnt, djt−1, k) = gcd(djt, k) = gcd(d, k) = d. The translated exponents
dn1
k
, ..., dnp−1
k
now give
j˜t−p+2 = gcd(d, n˜t−p) = gcd(
dn1
k
, d, k) = gcd(
dn1
k
, d) = gcd(
dj1
k
, d) =
dj1
k
< d
because k ∤ n1,
j˜t−p+3 = gcd(
dn2
k
,
dn1
k
, k) = gcd(
dn2
k
,
dj1
k
) =
dj2
k
,
and so on, down to j˜t =
djp−1
k
. Set d′ :=
djp−1
k
. If d′ = 1, then Q˜d is in
normal form and we are ready. If not all its ”active” exponents m, i.e. with
bm 6= 0, are divisible by d
′. Then we perform the same conjugations which
lead us from (FG3) to (1) in inverse order and with d′ instead of d. We get
(4)
{
(z, w) 7→ (z, w + 2πi)
(z, w) 7→ (λz + b−1np a0 + Q˜d(e
− w
d′ ), kw).
The type of this normal form is
1
d′
(dnp, ..., dnt,
dn1
k
, ...,
dnp−1
k
).
It is clear that we get exactly t (FG2)-normal forms through this kind of
transformation corresponding to the following choices for d: k
j1
, ..., k
jt
, the
last one giving our starting type again. In these cases we also have d′ = 1,
hence the type transformations are of the form:
(n1, ..., nt) 7→ (
knp+1
jp
, ...,
knt
jp
,
n1
jp
, ...,
np
jp
).
This amounts to an action of Z/(t) on the set of types of length t.
Notice moreover that we also get a biholomorphic polynomial map τd be-
tween the parameter spaces for the coefficients of Q in (FG2) and those of
Q˜d in (4).
3.2. Surfaces of higher index. We consider now the normal form (FG2)
for a surface S of index 1 and a positive integer q. We say that the set of
parameters a0, bl, ..., bσ of the normal form has the property (Iq) if
a0 = 0
and
q| gcd{k − 1; m−m′, bmbm′ 6= 0}.
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Suppose now that this is the case and conjugate gγ and g by
ϕ(z, w) := (e
σ2pii
q z, w −
2πi
q
).
We get
ϕ ◦ gγ ◦ ϕ
−1 = gγ ,
ϕ ◦ g ◦ ϕ−1 = g
k−1
q
γ ◦ g,
showing that ϕ lies in the normalizer of the fundamental group π1(S \D).
This leads to an action of Z/(q) on S \D and to a quotient S ′ \D′, where
S ′ is a surface of possibly higher index. We will see later that every surface
of index q arises in this way, see Remark 4.4. Looking now at a divisor d
of k we notice that the transformation Q
τd7→ Q˜d of the preceding subsection
preserves the property (Iq). This happens because d and q are relatively
prime. Our next step will be to translate these properties for the associated
contracting germs of holomorphic maps.
4. Contracting germs of holomorphic mappings associated to
intermediate surfaces
In [7] Favre gave normal forms for contracting rigid germs of holomorphic
maps (C2, 0) → (C2, 0) and completely characterized those germs which
give rise to surfaces with global spherical shells. We retain the following
result which will be essential for our study.
Theorem 4.2 (Favre [7], see also [6]). Every intermediate surface is asso-
ciated to a polynomial germ in the following normal form:
(CG) ϕ(z, ζ) := (λζsz + P (ζ) + cζ
sk
k−1 , ζk),
where k, s ∈ Z, k > 1, s > 0, λ ∈ C∗, P (ζ) := cjζj + cj+1ζj+1... + csζs is
a complex polynomial, 0 < j < k, j ≤ s, cj = 1, c sk
k−1
:= c ∈ C with c = 0
whenever sk
k−1
/∈ Z or λ 6= 1 and gcd{k,m | cm 6= 0} = 1.
Moreover, two polynomial germs in normal form (CG) ϕ and
ϕ˜ := (λ˜ζ s˜z + P˜ (ζ) + c˜ζ
s˜k˜
k˜−1 , ζ k˜)
are conjugated if and only if there exists ǫ ∈ C with ǫk−1 = 1 and k˜ = k,
s˜ = s, λ˜ = ǫsλ, P˜ (ζ) = ǫ−jP (ǫζ), c˜ = ǫ
sk
k−1
−jc.
Remark 4. 3. Intermediate surfaces of index one correspond precisely to
germs ϕ in normal form (CG) such that (k − 1)|s.
In order to see this we look at a surface S of index one and at the normal
form (FG2) of the fundamental group of S \ D. We conjugate (FG2) by
(z, w) 7→ (elwz, w) and get the following form for the generators of π1(S\D):{
(z, w) 7→ (z, w + 2πi)
(z, w) 7→ (λel(k−1)wz + elkwa0 + P (e
w), kw)
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where P is the polynomial defined by P (ζ) = ζ lkQ(ζ−1). Thus P (ζ) =∑l(k−1)
m=lk−σ cmζ
m, whith cm = blk−m. As shown in [5] and [6] the surface S is
then associated to the polynomial germ
(z, ζ) 7→ (λζsz + P (ζ) + cζ
sk
k−1 , ζk)
which is in normal form (CG). Here we have set s = l(k − 1) and c = a0.
Remark 4.4. Every intermediate surface of index higher than one may be
constructed as in section 3.2.
Indeed, let ϕ′ be a polynomial germ in normal form (CG) associated to a
surface S ′ of higher index,
ϕ′(z, ζ) = (λζs
′
z +
s′∑
m=j′
c′mζ
m, ζk),
with (k − 1) ∤ s′ and let q be some positive divisor of k − 1 such that
(k − 1) divides qs′. Set r := ⌊ qj
′
k
⌋, s := qs′ − r(k − 1), j := qj′ − rk,
P (ζ) :=
∑s′
m=j′ c
′
mζ
qm−rk and
ϕ(z, ζ) := (λζs + P (ζ), ζk).
One checks now easily that the polynomial germ ϕ is in normal form (CG),
corresponds to a surface S of index one and admits an automorphism of the
form
(z, ζ) 7→ (ǫ−rz, ǫζ),
where ǫ is a primitive root of unity of order q. This automorphism lifts
to a conjugation of a corresponding normal form (FG2) for S, which has
property (Iq) as in section 3.2. In fact the covering map S \D → S
′ \D′ is
induced by (z, ζ) 7→ (ζrz, ζq).
One also sees that the index of S ′ is the least possible q allowed in the above
construction; more precisely, one gets
Remark 4.5. The index of an intermediate surface associated to a polyno-
mial germ ϕ(z, ζ) = (λζsz + P (ζ) + cζ
sk
k−1 , ζk) in normal form (CG) equals
k − 1
gcd(k − 1, s)
.
Remark 4.6. (Cf. [5].)
The intermediate surfaces admitting non-trivial holomorphic vector fields
are precisely those associated to polynomial germs
ϕ(z, ζ) := (λζsz + P (ζ) + cζ
sk
k−1 , ζk)
in normal form (CG) with (k − 1)|s and λ = 1.
We now define the type of a polynomial germ in normal form (CG) in a
similar way we did it for (FG2).
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Definition 4. 7. For fixed k and s and for a polynomial germ ϕ(z, ζ) :=
(λζsz+P (ζ)+cζ
sk
k−1 , ζk) in normal form (CG) with P (ζ) := ζj+cj+1ζ
j+1+
...+ csζ
s we define inductively the following finite sequences of integers j =:
m1 < .... < mt ≤ s and k > i1 > j2... > it = 1 by:
i) m1 := j, i1 := gcd(k,m1);
ii) mα := min{m > mα−1 | cm 6= 0, gcd(iα−1, m) < iα−1}, iα :=
gcd(k,m1, ..., mα) = gcd(iα−1, mα);
iii) 1 = it := gcd(k,m1, ..., mt−1, mt) < gcd(k,m1, ..., mt−1).
We call (m1, ..., mt) the type of ϕ and t the length of the type. If t = 1 we
say that ϕ is of simple type.
The length of the type of ϕ is 1, i.e. ϕ is of simple type, if and only if k and
j are relatively prime, gcd(k, j) = 1.
We also set ε(k,m1, ..., mt, s) := ⌊
m2−m1
i1
⌋+⌊m3−m2
i2
⌋+...+⌊mt−mt−1
it−1
⌋+s−mt.
It is the number of coefficients of P whose vanishing or non-vanishing does
not affect the type.
The type is obviously preserved by the conjugations appearing in Theorem
4.2.
For fixed k, s and fixed type (m1, ..., mt) we consider the following obvious
parameter spaces for the coefficients (λ, cj+1, ..., cs, c) appearing in (CG):
• when (k − 1) does not divide s we take
Uk,s,m1,...,mt = C
∗ × (C∗)t−1 × Cε(k,m1,...,mt,s),
• in case (k − 1) | s
Uλ6=1,c=0k,s,m1,...,mt = C \ {0, 1} × (C
∗)t−1 × Cε(k,m1,...,mt,s),
Uλ=1k,s,m1,...,mt = (C
∗)t−1 × Cε(k,m1,...,mt,s) × C.
In the second case we have considered separate parameter spaces for surfaces
without, respectively with, holomorphic vector fields. We will come back
later to this point.
By the discussion of the previous section we see that for each p ∈ {1, ..., t}
choosing d = k
ip
gives us a transformation on types and a biholomorphic
map τd between corresponding parameter spaces. Surfaces associated to
germs of one type correspond via τd to isomorphic surfaces associated to
germs of the transformed type.
5. Decomposition of germs
Definition 5.8. A polynomial germ
ϕ(z, ζ) := (λζsz + P (ζ) + cζ
sk
k−1 , ζk)
in normal form (CG) is said to be in pure normal form if c = 0. We say
that a polynomial germ ϕ : (C2, 0)→ (C2, 0) is in modified normal form if
ϕ(z, ζ) := (λζsz + P (ζ) + cζkn, ζk)
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is such that the germ
pϕ(z, ζ) := (λζ
sz + P (ζ), ζk)
is in pure normal form (CG), n ∈ Z, s
k
< n ≤ s
k−1
and c ∈ C. In this case
the type of ϕ is by definition the same as the type of the purified germ pϕ.
Remark 5. 9. The pure normal form is a special case of the normal form
(CG). The normal form (CG) is a special case of the modified normal form.
A germ ϕ(z, ζ) := (λζsz + P (ζ) + cζkn, ζk) in modified normal form is in
normal form (CG) if and only if either n = s
k−1
and λ = 1 or c = 0. When
this is not the case ϕ is conjugated to some germ ϕ˜ := (λζsz + P˜ (ζ), ζk) in
pure normal form and of the same type as ϕ.
For suppose c 6= 0. We have to consider two cases.
When s
k
< n < s
k−1
we conjugate ϕ by (z, ζ) 7→ (z − λ−1cζkn−s, ζ) to get
the new germ
(z, ζ) 7→ (λζsz + P (ζ) + λ−1cζk(kn−s), ζk).
By assumption we have kn − s < n. If k(kn − s) ≤ s we are ready since
(z, ζ) 7→ (λζsz + P (ζ) + λ−1cζk(kn−s), ζk) is in pure normal form. If not
we can work with kn − n instead of n and continue to conjugate until the
exponent of the supplementary ζ-term doesn’t exceed s any more. Remark
that this exponent remains a multiple of k and thus leaves the type of ϕ
intact.
When n = s
k−1
and λ 6= 1 a conjugation by (z, ζ) 7→ (z − c
λ−1
ζn, ζ) leads ϕ
directly to the pure normal form
(z, ζ) 7→ (λζsz + P (ζ), ζk).
Proposition 5. 10. Let ϕ(z, ζ) := (λζsz + P (ζ) + cζkn, ζk) be a germ in
modified normal form and whose type has length t. If ϕ is in pure normal
form, then ϕ admits a canonical decomposition ϕ = ϕ1 ◦ ... ◦ ϕt into t
polynomial germs in pure normal form and of simple type. If ϕ is not in
pure normal form, then ϕ admits a canonical decomposition ϕ = ϕ1 ◦ ... ◦ϕt
into t polynomial germs in modified normal form and of simple type out of
which t − 1 are pure. Moreover pϕ = pϕ1 ◦... ◦ pϕt. The canonical choice
of the decomposition ϕ = ϕ1 ◦ ... ◦ ϕt and the types of the factors ϕ1,...,ϕt
are determined by the type of ϕ.
Proof. We first deal with the pure case.
Let
ϕ1(z, ζ) := (λ1ζ
s1z + P1(ζ), ζ
k1)
and
ϕ2(z, ζ) := (λ2ζ
s2z + P2(ζ), ζ
k2)
be two germs in pure normal form with invariants (k1, j1, s1) resp. (k2, j2, s2)
of types
(j1 = m
(1)
1 , m
(1)
2 , ..., m
(1)
t1 )
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and
(j2 = m
(2)
1 , m
(2)
2 , ..., m
(2)
t2 )
respectively. Their composition
ϕ1 ◦ ϕ2(z, ζ) = (λ1λ2ζ
s1k2+s2z + P1(ζ
k2) + λ1ζ
s1k2P2(ζ), ζ
k1k2)
is again in pure normal form with invariants (k = k1k2, j = j1k2, s = s1k2+
s2) and has type
(m
(1)
1 k2, m
(1)
2 k2, ..., m
(1)
t1 k2, s1k2 +m
(2)
1 , s1k2 +m
(2)
2 , ..., s1k2 +m
(2)
t2 )
with length t = t1 + t2.
Conversely, let
ϕ(z, ζ) := (λζsz + P (ζ), ζk),
where
P (ζ) := ζj + cj+1ζ
j+1... + csζ
s
be a germ in pure normal form and suppose that
d := gcd(j, k) > 1.
Define k1 := k/d, j1 := j/d and
s1 := max{m/d | m˜/d ∈ Z or cm˜ = 0 for all m˜ = j, ..., m}.
It is clear that 0 < j1 < k1 and j1 ≤ s1 . Furthermore let k2 := d,
j2 := −s1k2 +min{m | m > s1k2 and cm 6= 0}
and s2 := s − s1k2. It is clear that 0 < j2 < k2 and j2 ≤ s2. We also put
λ1 := cs1k2+j2 6= 0 and λ2 := λ/λ1. Finally let
ϕ1(z, ζ) := (λ1ζ
s1z +
s1k2∑
m=j
cmζ
m/d, ζk1),
ϕ2(z, ζ) := (λ2ζ
s2z +
s∑
m=s1k2+j2
λ−11 cmζ
m−s1k2 , ζk2).
One verifies directly that ϕ1 ◦ ϕ2 = ϕ, that ϕ1, ϕ2 are in pure normal form
and that ϕ1 is of simple type. Note also that the types of ϕ1 and ϕ2 are
determined by the type of ϕ. Repeating this procedure if necessary with ϕ2
one gets a decomposition of ϕ into germs in pure normal form and of simple
type in a canonical way.
Take now ϕ(z, ζ) = (λζsz + P (ζ) + cζkn, ζk) a germ in modified normal
form, pϕ(z, ζ) = (λζ
sz + P (ζ), ζk) and ϕ1(z, ζ) := (λ1ζ
s1z + P1(ζ), ζ
k1),
ϕ2(z, ζ) := (λ2ζ
s2z+P2(ζ), ζ
k2) in pure normal form such that pϕ = ϕ1◦ϕ2.
We shall modify ϕ1 or ϕ2 in order to get ϕ by composition.
If n ≤ s1
k1−1
, then s1
k1
< n and the germ
ϕ˜1(z, ζ) := (λ1ζ
s1z + P1(ζ) + cζ
k1n, ζk1)
is in modified normal form and ϕ˜1 ◦ϕ2 = ϕ. If not, take n2 := k1n− s1 and
ϕ˜2(z, ζ) := (λ2ζ
s2z + P2(ζ) + cλ1ζ
k2n2, ζk2).
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Then ϕ1 ◦ ϕ˜2 = ϕ. The inequalities
s1
k1−1
< n ≤ s
k−1
imply n2 <
s2
k2−1
and
thus ϕ˜2 will be in modified normal form.
Note that in case n = s1
k1−1
= s
k−1
= s2
k2−1
both decompositions ϕ = ϕ˜1◦ϕ2 =
ϕ1 ◦ ϕ˜2 are possible but we chose the first ϕ˜1 ◦ ϕ2 as the canonical one. 
6. The blow-up sequence and the Dloussky sequence
In this section we calculate for a given germ in modified normal form the
configuration of the rational curves on the associated intermediate surface.
This is equivalent to giving the Dloussky sequence of the surface, see [3],
pp. 37, which in turn will be computed by the sequence of blow-ups for the
given germ. We recall that in the Dloussky sequence each entry represents
a rational curve with the negative of its self-intersection and the order in
the sequence is given by the order of creation of the curves in the blow-up
process. A Dloussky sequence for an intermediate surface is called simple if
it is of the form
[DlS] = [α1 + 2, 2, .., 2︸ ︷︷ ︸
α1−1
, ..., αq + 2, 2, .., 2︸ ︷︷ ︸
αq−1
, αq+1 + 1, 2, .., 2︸ ︷︷ ︸
αq+1−2
, 2, .., 2︸ ︷︷ ︸
m
] =
= [sα1 , ..., sαq , sαq+1−1, rm],
with q ≥ 0, αi ≥ 1 for 1 ≤ i ≤ q, αq+1 ≥ 2 and m ≥ 1. So the shortest
possible sequence here appears for q = 0 and m = 1 and is of the form
[3, 2]. A general Dloussky sequence is of the form [DlS1, ....,DlSN ], where
[DlSj], j = 1, ..., N are simple Dloussky sequences. The dual graph of the
divisor D on an intermediate surface with known Dloussky sequence is now
constructed in the following way: The entries of the sequence represent the
knots of the graph. An entry with value α is connected with the entry
following α − 1 places after it at the right hand (with the entries in cyclic
order!).
Example 6.11. a) The Dloussky sequence [3, 4, 2, 2] produces the graph
(−2)
(−4) (−3)
xxxxxxxx
FF
FF
FF
FF
(−2)
b) The Dloussky sequence [3, 2, 4, 2, 2, 2] produces the graph
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(−4) (−2)
(−2) (−2) (−2)
xxxxxxxx
FF
FF
FF
FF
(−3)
Note that the Dloussky sequence induces an orientation on the cycle of the
dual graph. We will call such a graph a directed dual graph. Note also that
the dual graph of the cycle of rational curves on a surface with a GSS has
a natural orientation given by the order of creation of the curves in the
blowing-up process. After glueing as described in Section 2 this orientation
may be recovered by looking at the pseudoconvex side of a GSS in the
compact surface S.
We start with the description of the blow-up sequence in the case of a germ
ϕ of simple type. This is the sequence of blow-ups which leads to the maps
π : Bˆ → B, σ : B¯ → σ(B¯) such that ϕ = π ◦ σ as in Section 2.
Let
ϕ(z, ζ) := (λζsz + ζj + cj+1ζ
j+1...+ csζ
s + cζkn, ζk) =
= (λζsz + P (ζ) + cζkn, ζk) = (ζjA(z, ζ), ζk) = (ζjA, ζk),
where
P (ζ) := ζj + cj+1ζ
j+1... + csζ
s
and
A(z, ζ) := λζs−jz + 1 + cj+1ζ + ...+ csζ
s−j + cζkn−j, A(0, 0) = 1.
be a germ in modified normal form and suppose that d := gcd(j, k) = 1, that
is, ϕ is of simple type. Recall that 0 < j < k, j ≤ s and let r = s− j ≥ 0.
We shall calculate the blow-up sequence of ϕ. For this we shall need the
division algorithm for k and j which we note as follows:
k = α1j + β1
j = α2β1 + β2
β1 = α3β2 + β3
...
βq−2 = αqβq−1 + 1
βq−1 = αq+1 · 1 + 0
with the convention k = β−1, j = β0.
We use the two standard blow up coordinate charts η : (u, v)→ (uv, v) and
η′ : (u′, v′) → (v′, u′v′) for this procedure. Remark that in these charts the
exceptional curve is given by v = 0 respectively by v′ = 0.
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(ζjA, ζk) (ζk−jA−1, ζjA)
η′
oo
(ζ (k−α1j)=β1A−α1 , ζjA)
ηα1−1
66mmmmmmmmmmmmmmmmmmmmmmmmmmm
(ζj−β1Aa1+1, ζβ1A−a1)
η′
oo
(ζ (j−α2β1)=β2Aα1α2+1, ζβ1A−α1)
ηα2−1
66mmmmmmmmmmmmmmmmmmmmmmmmmmm
(ζβ1−β2A···, ζβ2A···)
η′
oo
...
...
(ζ (βq−2−αqβq−1)=βq=1A···, ζβq−1A···) (ζβq−1−1A···, ζA···)
η′
oo
(ζA···, ζA···)
ηαq+1−2
66mmmmmmmmmmmmmmmmmmmmmmmmmmmm
(A··· − 1, ζA···)
(((u+1)v,v)←(u,v)
oo
(Cλz + ..., ζA) =: σ(z, ζ)
η˜
66mmmmmmmmmmmmmmmmmmmmmmmmmmmm
In the above sequence of blow-ups all the powers of A indicated by · · · are
non-zero integers. The map σ is a germ of a biholomorphism at the origin
of (C2, 0) with the property that the inverse image σ−1(C ∩U) of the inter-
section of the last created rational curve C with an open neighbourhood U
of σ(0, 0) is given by {ζ = 0}. Furthermore η˜ is the composition of s − j
blowups in the form (u, v) 7→ ((u+ const.)v, v).
The construction shows that the Dloussky sequence of the associated surface
is simple and given by
[DlS] = [α1 + 2, 2, .., 2︸ ︷︷ ︸
α1−1
, ..., αq + 2, 2, .., 2︸ ︷︷ ︸
αq−1
, αq+1 + 1, 2, .., 2︸ ︷︷ ︸
αq+1−2
, 2, .., 2︸ ︷︷ ︸
s−j+1
] =
= [sα1 , ..., sαq , sαq+1−1, rs−j+1],
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see [3], pp. 37.
In particular, the second Betti number of the surface is b2 = (−1+
∑q+1
i=1 αi)+
(s− j + 1) = (
∑q+1
i=1 αi) + (s− j) which is the length of [DlS].
Remark 6. 12. The above construction shows that the obtained Dloussky
sequence is independent of the germ being in normal form, pure normal form
or modified normal form.
For the general case let ϕ = ϕ1 ◦ϕ2 ◦ ...◦ϕN be the decomposition of a germ
ϕ into germs of simple type and DlS resp. DlSi the associated Dloussky
sequences of ϕ resp. ϕi, i = 1, ..., N . An easy calculation similar to the
above one shows that
[DlS] = [DlS1, ....,DlSN ],
i.e. the operations of composition of germs and concatenations of Dloussky
sequences are compatible.
We note in conclusion that the following three objects associated to an
intermediate surface are algorithmically computatble from one another: the
directed dual graph of the rational curves, the Dloussky sequence, the type
of a contracting germ in modified normal form.
7. Versal families and moduli spaces
We have seen in section 4 that for fixed k, s and fixed type (m1, ..., mt) we
get parameter spaces for germs in normal form (CG)
Uk,s,m1,...,mt = C
∗ × (C∗)t−1 × Cε(k,m1,...,mt,s),
when (k − 1) ∤ s and
Uλ6=1,c=0k,s,m1,...,mt = C \ {0, 1} × (C
∗)t−1 × Cε(k,m1,...,mt,s),
Uλ=1k,s,m1,...,mt = (C
∗)t−1 × Cε(k,m1,...,mt,s) × C,
when (k − 1) | s. In case (k − 1) | s the spaces Uλ6=1,c=0k,s,m1,...,mt and U
λ=1
k,s,m1,...,mt
appear as subspaces of
Uk,s,m1,...,mt = C
∗ × (C∗)t−1 × Cε(k,m1,...,mt,s) × C,
which parameterizes germs (z, ζ) 7→ (λζsz + P (ζ) + cζ
sk
k−1 , ζk) in modified
normal form. By the previous section all these germs have the same logarith-
mic type, i.e. the same directed dual graph of rational curves for the associ-
ated intermediate surfaces. Conversely, we have seen that every intermedi-
ate surface with such configuration of curves corresponds to a germ of this
type. Moreover, one may perform the blow-ups and the glueing over the pa-
rameter space Uk,s,m1,...,mt thus obtaining a family Sk,s,m1,...,mt → Uk,s,m1,...,mt
of intermediate surfaces over Uk,s,m1,...,mt. It is clear that Sk,s,m1,...,mt is a
complex manifold of dimension dimUk,s,m1,...,mt+2 = t+ε(k,m1, ..., mt, s)+
δ + 2, where δ = 1 if (k − 1) | s and otherwise δ = 0. The projection
Sk,s,m1,...,mt → Uk,s,m1,...,mt is proper and smooth, since locally around each
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point of Sk,s,m1,...,mt it looks like the projection on Uk,s,m1,...,mt of a small
open subset of Bˆ × Uk,s,m1,...,mt. See also our Appendix for a discussion on
the family of the open surfaces S \D.
Consider now an intermediate surface S with maximal effective reduced
divisor D. We would like to consider families of logarithmic deformations
as in [8]. However the definition of that paper requires that D be a subspace
with simple normal crossings. But when the cycle of curves of D is reduced
to only one curve C, this condition is not satisfied. In this case we blow up
the singularity of C on S and work with the blown-up surface instead. We
may then apply Theorem 2 of [8] to compare the logarithmic derformations.
In the sequel we shall work with the blown-up surface, without mentioning it
explicitely again. In particular the new D will have simple normal crossings.
(Another way to avoid the singularity of C would be to look at a non-
ramified double cover of S instead of S.)
A family of logarithmic deformations for the pair (S,D) is a 6-tuple
(S,D, π, V, v, ψ), where D is a divisor on S, π : S → V is a proper smooth
morphism of complex spaces, which is locally a projection as well as its
restriction to D, v ∈ V and ψ : S → π−1(v) is an isomorphism restricting
to an isomorphism S \D→ π−1(v) \D. Let TS(− logD) be the logarithmic
tangent sheaf of (S,D). It is the dual of the sheaf ΩS(logD) of logarith-
mic differential 1-forms on (S,D). By [8] versal logarithmic deformations
of (S,D) exist and their tangent space is H1(S, TS(− logD)). The space
H2(S, TS(− logD)) of obstructions vanishes by Theorem 1.3 of [13]. In par-
ticular the basis of the versal logarithmic deformation of a pair (S,D) is
smooth. On the other side H0(S, TS(− logD)) = H
0(S, TS) and this space
is at most one dimensional.
Theorem 7.13. With the above notations we have:
• If (k − 1) does not divide s the family
Sk,s,m1,...,mt → Uk,s,m1,...,mt
is logarithmically versal around every point of Uk,s,m1,...,mt.
• If (k − 1) | s the restriction of the family
Sk,s,m1,...,mt → Uk,s,m1,...,mt
to Uλ6=1,c=0k,s,m1,...,mt is logarithmically versal around every point of
Uλ6=1,c=0k,s,m1,...,mt.
• If (k − 1) | s the family Sk,s,m1,...,mt → Uk,s,m1,...,mt is logarithmically
versal around every point of Uλ=1k,s,m1,...,mt.
Proof. We start with the case (k − 1) ∤ s. Take (S,D) a pair as above and
ϕ(z, ζ) := (λζsz + P (ζ), ζk) an associated germ in normal form (CG). We
see ϕ as a point in Uk,s,m1,...,mt. Let (S
′,D′, π, V, v, ψ) be the logarithmi-
cally versal deformation of the pair (S,D). Then the family Sk,s,m1,...,mt →
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Uk,s,m1,...,mt is obtained from S
′ → V by base change by means of a map
F : (Uk,s,m1,...,mt, ϕ) → (V, v). By Theorem 4.2 F must have finite fibres.
Thus dimUk,s,m1,...,mt ≤ dimV . Since every point v
′ of V is covered by a
similar map (Uk,s,m1,...,mt, ϕ
′)→ (V, v′) one gets dimUk,s,m1,...,mt = dim V .
Next we show that F is injective near ϕ hence locally biholomorphic. As-
sume the contrary.
Then by Theorem 4.2 there exists a root of unity ǫ of order q with 1 6= q |
(k− 1) and a sequence (ϕn)n∈N, ϕn(z, ζ) := (λnζ
sz + Pn(ζ), ζ
k), converging
to ϕ in Uk,s,m1,...,mt such that for ϕ˜n(z, ζ) := (ǫ
sλnζ
sz + ǫ−m1Pn(ǫζ), ζ
k) one
has ϕ˜n → ϕ and F (ϕ˜n) = F (ϕn) for all n ∈ N. Let r = −m1 − ⌈m1q ⌉q and
χ(z, ζ) = (ǫ−rz, ǫζ). Then ϕ˜n = χ
−1 ◦ ϕn ◦ χ for all n ∈ N. Thus χ induces
an automorphism of the germ ϕ and in fact a non-trivial automorphism of
the surface S = Sϕ as in the proof of Remark 4.4. On the other side χ
induces for each n ∈ N the isomorphisms Sϕn ∼= S
′
F (ϕn)
∼= Sϕ˜n which by
construction converge to the identity on S = Sϕ. This is a contradiction.
The second assertion of the theorem has a completely analogous proof.
For the third we have (k − 1) | s and we consider the pair (S,D) associ-
ated to a germ ϕ(z, ζ) := (λζsz + P (ζ) + cζ
sk
k−1 , ζk) in normal form (CG),
(S ′,D′, π, V, v, ψ) its logarithmically versal deformation and
F : (Uk,s,m1,...,mt, ϕ) → (V, v) the induced morphism as before. From the
second part of the theorem it follows that
dimUk,s,m1,...,mt = dimH
1(S, TS(− logD)) = dimV . Since the fiber over v
is finite we only need to check that F is injective. If it was not, then by
the discussion of the first case ramification should occur along the divisor
Uλ=1k,s,m1,...,mt. But this is not possible, because one can define the function λ
on the base of every family of intermediate surfaces of this logarithmic type,
in particular also on V . Indeed, for such a surface S one defines λ(S) as
the unique twisting factor such that H0(S, TS ⊗Lλ(S)) 6= 0, see for instance
[14]. 
We now fix a logarithmic type of intermediate surfaces, i.e. we fix the di-
rected dual graph of the maximal reduced divisor of rational curves on such
a surface, and want to describe corresponding logarithmic moduli spaces.
By our previous discussions it is enough to fix one set k, s,m1, ..., mt of
adapted numerical invariants and look at polynomial germs parameterized
by Uk,s,m1,...,mt, U
λ6=1,c=0
k,s,m1,...,mt
, Uλ=1k,s,m1,...,mt. Although several such sets of in-
variants may correspond to the desired moduli space, they all will be related
by the transformations τd described in sections 3.2, 4. By Theorem 4.2 we
get a natural action of Z/(k−1) on Uk,s,m1,...,mt which permutes conjugated
germs: through a generator of Z/(k − 1) a germ
ϕ(z, ζ) := (λζsz + P (ζ) + cζ
sk
k−1 , ζk)
is mapped to
ϕ(z, ζ) := (ǫsλnζ
sz + ǫ−m1Pn(ǫζ) + ǫ
sk
k−1
−m1cz
sk
k−1 , ζk),
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where ǫ is a primitive (k − 1)-th root of the unity.
As a corollary to Theorem 7.13 we get
Theorem 7. 14. Fix k, s and a type (m1, ..., mt) for polynomial germs in
normal form (CG). Set j = m1 as before.
• When j < max(s, k − 1) the natural action of Z/(k − 1) on
Uk,s,m1,...,mt, U
λ6=1,c=0
k,s,m1,...,mt
and Uλ=1k,s,m1,...,mt
is effective.
• In the remaining case, i.e. when j = k−1 = s, the natural action of
Z/(k−1) is effective on Uλ=1k,s,m1,...,mt = C and trivial on U
λ6=1,c=0
k,s,m1,...,mt
=
C \ {0, 1}.
The quotient spaces Uk,s,m1,...,mt/(Z/(k − 1)) when (k − 1) ∤ s, and
Uλ6=1,c=0k,s,m1,...,mt/(Z/(k−1)), U
λ=1
k,s,m1,...,mt
/(Z/(k−1)), when (k−1) | s, are coarse
logarithmic moduli spaces for intermediate surfaces of the given logarithmic
type without, respectively with, non-trivial holomorphic vector fields.
These spaces are fine moduli spaces if and only if either the corresponding
action of Z/(k − 1) is trivial or this action is free.
The natural action of Z/(k − 1) on either of the spaces
Uk,s,m1,...,mt, U
λ6=1,c=0
k,s,m1,...,mt
and Uλ=1k,s,m1,...,mt
is free if and only if gcd(k − 1, s,m2 − j, ..., mt − j) = 1.
Proof. The assertions on the effectivity of the action are immediately veri-
fied.
When the action is trivial it is clear that the corresponding families over
Uk,s,m1,...,mt, U
λ6=1,c=0
k,s,m1,...,mt
, Uλ=1k,s,m1,...,mt are universal.
When the action is free the families over Uk,s,m1,...,mt, U
λ6=1,c=0
k,s,m1,...,mt
, Uλ=1k,s,m1,...,mt
descend to the moduli spaces since we can extend the conjugation χ(z, ζ) =
(ǫ−rz, ǫζ) from the proof of Theorem 7.13 to the whole family Sk,s,m1,...,mt →
Uk,s,m1,...,mt.
When the action is not free but effective we see as in the proof of Theorem
7.13 that such a family around a fixed point for some non-trivial subgroup
of Z/(k − 1) cannot descend to the quotient.
Suppose now that d | gcd(k− 1, s,m2− j, ...mt− j). It is easy to check that
a germ of the form ϕ(z, ζ) := (λζsz + ζm1 + cm2ζ
m2 + ... + cmtζ
mt , ζk) is a
fixed point for the action of the subgroup of order d of Z/(k − 1).
Conversely, the existence of a fixed point for the action of the subgroup of
order d of Z/(k − 1) implies d | gcd(k − 1, s,m2 − j, ...mt − j). 
We have treated surfaces with and surfaces without vector fields separately
in order to avoid non-separation phenomena. If we look for example at the
families
ϕ1,λ(z, ζ) := (λζ
k−1z + ζ + c1ζ
k, ζk),
ϕ2,λ(z, ζ) := (λζ
k−1z + ζ + c2ζ
k, ζk),
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for c1 6= c2 fixed and λ varying in C∗, we see that ϕ1,λ, ϕ2,λ are conjugated
to one another if and only if λ 6= 1.
8. Appendix: Deformation families for S˜ \D
In this Appendix we shall construct deformation families for the universal
covers of the open surfaces S \ D where S is an intermediate surface and
D its maximal, effective, reduced divisor. As a side product of our investi-
gations we obtain examples of fibered analytic spaces together with groups
acting holomorphically on them, such that the actions are free and properly
discontinuous when restricted to each fiber but not on the total spaces.
For simplicity we shall restrict ourselves to intermediate surfaces of index
one.
Let S be an intermediate surface and D its maximal, effective, reduced
divisor. We shall relax the conditions on the normal form (FG2) for the
generators of the fundamental group of S \ D to get the following normal
form:
(FG4)
{
gγ(z, w) = (z, w + 2πi)
g(z, w) = (λz + a0 +Q(e
−w), kw),
where k ≥ 2, l ≥ 1, Q = Q(ζ) :=
∑lk−1
m=l bmζ
m is a polynomial such that
(blk−k+1, ..., blk−1) 6= 0, gcd{k,m | bm 6= 0} = 1. As before (λ − 1)a0 = 0.
The difference from (FG2) is that we don’t fix the leading coefficient bσ of
Q to be 1 and require only that lk − k < σ < lk. In fact a conjugation by
(z, w) 7→ (cz, w), with c ∈ C∗, leads us to the generators{
gγ(z, w) = (z, w + 2πi)
g(z, w) = (λz + ca0 + cQ(e
−w), kw),
.
In the following we shall fix k and l and move the parameters
(λ, a0, bl, ..., blk−1) ∈ A×B of the normal form (FG4). Here A := {(λ, a0) ∈
C∗×C | (λ− 1)a0 = 0}, B := {(bl, ..., blk−1) ∈ Clk−l | (blk−k+1, ..., blk−1) 6=
0}. For each fixed point (λ, a0, b) ∈ A × B the operation of the group
Z ⋉ Z[1/k] generated by gγ and g in the normal form (FG4) on C × Hl is
free and properly discontinuous and the quotient is a surface Sλ,a0,b\Dλ,a0,b.
We can define the type for (FG4) in the same way as for the normal form
(FG2), see Definition 3.1, but note that in this case the type need not be
constant on the B-component.
Lemma 8.15. Consider the coefficients bl, ..., blk−1 of the polynomial Q ap-
pearing in the normal form (FG4) of type (n1, ..., nt) and set n
′
d := max{n ∈
N | bn 6= 0, kd ∤ n} for each d ∈ {1, ..., k − 1} with d | k. Then
{n1, ..., nt} = {n
′
d | 1 ≤ d < k, d | k}.
Proof. Set j0 = 1. Then ni = n
′
k
ji−1
for all 1 ≤ i ≤ t. Hence {n1, ..., nt} ⊂
{n′d | 1 ≤ d < k, d | k}.
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Conversely, suppose {n′d | 1 ≤ d < k, d | k} \ {n1, ..., nt} 6= ∅ and let
n′τ = min{n
′
d | 1 ≤ d < k, d | k} \ {n1, ..., nt}, i = max{j ∈ N | nj > n
′
τ}.
Suppose first that i < t. Then ni > n
′
τ > ni+1 and ji | n
′
τ by the definition
of ni+1. On the other side
k
τ
| ni and thus
k
τ
| ji by the definition of of n
′
τ .
Hence k
τ
| ji | n
′
τ : a contradiction.
When i = t, we get k
τ
| nj for all 1 ≤ j ≤ t, which implies
k
τ
| gcd(n1, ..., nt) =
1: again a contradiction. 
Theorem 8.16. There is an action of Z⋉Z[1/k] generated by the holomor-
phic automorphisms gγ and g in the normal form (FG4) on C×Hl×A×B
which is compatible with the projection C × Hl × A × B → A × B. Let
T ⊂ A × B be a connected analytic subspace. The restriction of the above
action to C × Hl × T is properly discontinuous if and only if the type is
constant on T . In this case the quotient space fibers smoothly over T .
Proof. We consider the subgroup Γ < Z ⋉ Z[1/k],
Γ := {gr,m := g
−m ◦ grγ ◦ g
m | m ∈ Z, r ∈ Z}
We have Γ ∼= Z[1/k]. Actually
gr,m(z, w) =
(
z +
m−1∑
j=0
λ−j−1(
lk−1∑
n=l
bne
−nkjw(1− exp(
2πirn
km−j
))), w +
2πir
km
)
for each point (z, w) ∈ C×Hl. Note that in the above formula for gr,m we
may always reduce ourselves to the situation when k ∤ r.
One can show as in [5] p. 659, that the action of Z⋉Z[1/k] on C×Hl × T
is properly discontinuous if and only the induced action of the subgroup Γ
is properly discontinuous.
Suppose now that the type is constant on T , that the action of Γ on C ×
Hl × T is not properly discontinuous and let (grν ,mν )ν∈N be a sequence in Γ
which contradicts the proper discontinuity of the action. Then (2piirν
kmν
)ν will
be a bounded sequence, so by passing to some subsequence we may assume
that (mν)ν is a strictly increasing sequence. Again by passing to some
subsequence if necessary we may assume that gcd(k, rν) =: d is constant
for ν ∈ N. Let n′d := max{n ∈ N | bn 6= 0,
k
d
∤ m}. Since the type is
constant on T and by the above lemma n′d is well-defined. Since (grν ,mν )ν∈N
contradicts the proper discontinuity of the action, for (λ, a0) bounded on
the A-component of T and w bounded in Hl the quantity
mν−1∑
j=0
λ−j−1(
lk−1∑
n=l
bne
−nkjw(1− exp(
2πirνn
kmν−j
)))
must be equally bounded independently of ν ∈ N. It suffices now to remark
that the term
λ−mνbn′
d
e−n
′
d
kmν−1w(1− exp(
2πirνn
′
d
k
))
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is dominant in this expression. Indeed the factor |1−exp(
2piirνn′d
k
)| is bounded
from below by |1−exp(2pii
k
)|. On the other side the exponent n′dk
mν−1 is the
highest appearing in a non-vanishing term of this sum, since kn′d ≥ kl >
kl− 1 and thus bn = 0 for n > kn
′
d. Hence the term λ
−mνbn′
d
e−n
′
d
kmν−1w(1−
exp(
2piirνn′d
k
)) of the above sum goes to infinity more rapidly than the rest
and the sum cannot be bounded: a contradiction.
Conversely suppose that the type is not constant on T and consider the
first ni appearing in the decreasing sequence n1, n2, ... of type, such that
bni takes both zero and non-zero values on T . It is clear that one can find
an analytic arc γ : ∆→ T such that bni vanishes at γ(0) but such that the
type is constant on γ(∆ \ {0}) and contains ni. Let d be such that ni = n
′
d
for the generic type as in Lemma 8.15. For the non-generic type the new
n′d, call it n
′′
d will assume a strictly lower value, by definition. Take w = −1,
z arbitrary, rν = d for all ν ∈ N and mν = ν. By the previous argument,
for ν >> 0, the dominant term at γ(0)
λ−νbn′′
d
en
′′
d
kν−1(1− exp(
2πidνn
′′
d
k
))
will be lower than
λ−νbn′
d
en
′
d
kν−1(1− exp(
2πidνn
′
d
k
))
in case | bn′
d
| is uniformly bounded from below by some positive constant.
We can now choose a sequence converging to γ(0) in γ(∆) in such a way
that the corresponding bn′
d
(ν) converge to zero at such a rate that the whole
sum
σ(ν) :=
ν−1∑
j=0
λ−j−1(
lk−1∑
n=l
bn(ν)e
nkj (1− exp(
2πidn
kν−j
)))
converges to zero. In order to see this we solve the equation
(5) bn′
d
+
∑ν−1
j=0 λ
−j−1(
∑lk−1
n=l,n 6=n′
d
bne
nkj(1− exp(2piidn
kν−j
)))∑ν−1
j=0 λ
−j−1en
′
d
kj (1− exp(
2piidn′
d
kν−j
))
= 0
in bn′
d
on γ(∆) for each ν >> 0. This is certainly possible if the bn-functions
are supposed to be constant for n 6= n′d. The solutions (bn′d(ν))ν form in this
case the desired sequence and the sums σ(ν) vanish. In general we rewrite
the equation (5) as
(6) bn′
d
+
n′
d
−1∑
n=l
Cn(ν)bn = 0.
It is easy to see that the coefficients Cn(ν) converge to zero as ν tends to
infinity and thus (6) will have a solution on γ(∆) for ν >> 0. This closes
the proof. 
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